A quantum quench is the simplest protocol to investigate nonequilibrium many-body quantum dynamics. Previous studies on the entanglement properties of quenched quantum many-body systems mainly focus on the growth of entanglement entropy. Several rigorous results and phenomenological guiding principles have been established, such as the no-faster-than-linear entanglement growth generated by generic local Hamiltonians and the peculiar logarithmic growth for many-body localized systems. However, little is known about the dynamical behavior of the full entanglement spectrum, which is a refined character closely related to the topological nature of the wave function. Here, we establish a rigorous and general result for the entanglement spectra of one-dimensional symmetry-protected topological (SPT) systems evolving out of equilibrium. We prove that the single-particle entanglement gap in particle-hole symmetric topological insulators after quenches obeys essentially the same Lieb-Robinson bound as that on the equal-time correlation. As a notable byproduct, we obtain a new type of Lieb-Robinson velocity which is related to the band dispersion with a complex wave number and reaches the minimum as the maximal (relative) group velocity. Within the framework of tensor networks, i.e., for SPT matrix-product states evolved by symmetric and trivial matrix-product unitaries, we identify a Lieb-Robinson bound on the many-body entanglement gap. This result suggests high potential of tensor-network approaches for exploring rigorous results on long-time quantum dynamics. The effects of disorder and the relaxation property in the long-time limit are discussed. Our work establishes a paradigm for exploring rigorous results of SPT systems out of equilibrium. u 0 b J 0 W b S f K v t j Q g f t z I g e p d V d G t l O C u d N / a 3 1 z X K 2 Z m f Z + k P M 4 z Q z G b L i o n Q l q E t r P i 7 a 4 Q m Z E 1 w I w x e 1 f K b s D B c z Y V A s 2 B O / v y f + h s V P 1 L F / s l m q H o z j m y A b Z J B X i k T 1 S I 6 f k n N Q J I w / k i b y Q V + f R e X b e n I 9 h 6 4 Q z m l k n v + R 8 f Q M Q x a L G < / l a t e x i t > < l a t e x i t s h a 1 _ b a s e 6 4 = " s n D d 8 2 C r V D j A e j a L X S v g a i y z T w M = " > A A A C I n i c b Z D J S g N B E I Z 7 3 I 1
I. INTRODUCTION
Recent years have witnessed remarkable experimental developments in atomic, molecular and optical physics, which have enabled us to engineer and control artificial quantum many-body systems at the level of individual atoms, ions and photons [1] [2] [3] . Particular attention is focused on nonequilibrium quantum dynamics [4] [5] [6] [7] , of which the arguably simplest situation is quantum quenches [8-10] -the system is initialized as a wave function |Ψ 0 which then evolves unitarily by a Hamiltonian H, with respect to which |Ψ 0 is typically a highly excited superposition state. The wave function at time t is then formally given by |Ψ t = e −iHt |Ψ 0 . To model realistic quantum simulators, especially ultracold atoms and superconducting circuits with short-range interactions, we usually assume H to be local, in the sense that it can be written as a sum of short-range operators. Such a natural assumption on locality has a striking consequence known as the light-cone effect -a local operator evolved by H spreads no faster than an emergent "light velocity" v LR . Precisely speaking, there can be a nonzero leakage outside the light cone, which nevertheless decays exponentially with respect to the distance from the light cone. This rigorous result was derived by Lieb and Robinson nearly half a century ago [11] , and has now widely been known as the Lieb-Robinson bound. An important implication of this bound is that, for two remote local operators separated by l, the equal-time correlation should stay exponentially small up to a time scale t * = l 2vLR , provided that the initial correlation decays exponentially [12] . Such a light-cone spreading of correlation as well as its breakdown for longrange interactions has recently been examined in ultracoldatom and trapped-ion experiments [13] [14] [15] .
In addition to correlations between observables, entangle-ment entropy [16] [17] [18] , which quantifies genuinely quantum correlation between a subsystem and its complement, has also been widely studied in quench dynamics [19] [20] [21] [22] [23] . Again, locality of H sets very strict limitations on the growth of entanglement entropy. From a quasi-particle viewpoint [24] , we can infer from the Lieb-Robinson bound that the entanglement growth cannot be faster than linearly in time [12] . In particular, with the Lieb-Robinson bound applied to quasiadiabatic continuation [25] , it has been proved that given |Ψ 1 and |Ψ 2 as the ground states of two gapped local Hamiltonians H 1 and H 2 that can be adiabatically connected to each other, |Ψ 1 obeys an entanglement area law [26] if and only if |Ψ 2 also does [27] . In one dimension (1D), where all the gapped local Hamiltonians are adiabatically connected [28] [29] [30] , we always obtain an area law by choosing |Ψ 1 to be a product state. It is worth mentioning that, without referring to any Hamiltonian, all the 1D wave functions with exponentially decaying correlations have recently been proved to obey the area law [31] [32] [33] . Moreover, the measurement the entanglement (Rényi) entropy has been achieved in ultracold-atom experiments [34] [35] [36] .
Meanwhile, in light of the rapid development of topological material science [37] [38] [39] [40] , there is growing interest in topological aspects of quench dynamics . A fundamental question in this context is that, given |Ψ 0 as the ground state of a gapped Hamiltonian H 0 , which may be trivial or topological, then whether the topology of |Ψ t will change during time evolution, and, if yes, in which way. To make the topology well-defined, we may have to impose certain symmetries. For the sake of concreteness, we assume that H 0 and H share the same symmetries, if any. The answer to the above question has recently been established and is somewhat negative: for unitary symmetries or/and anti-unitary anti-symmetries [63] , (Bottom) Initially, the entanglement gap ∆E of a length-l segment embedded in a 1D topological system is of the order of e −κl due to an overlap between the exponential tails of the two entanglement edge modes. (Middle) After quench, these edge modes diffuse no faster than linearly, leading to an exponential increase in ∆E. (Top) After a time scale proportional to l, these modes significantly diffuse into the bulk and the quasi-degeneracy in the ES is clearly lifted.
|Ψ t stays in the same symmetry-protected topological (SPT) phase [42, 43, 59, 60] ; For anti-unitary symmetries or/and unitary anti-symmetries, the topological number of |Ψ t generally becomes ill-defined (or reduces) due to dynamical symmetry breaking [59, 60] . To understand this, we only have to note that |Ψ t is the ground state of [58, 59] 
which shares the same spectrum as H 0 . The conservation of topological number follows simply from the fact that H(t) is gapped and continuously deformed from H 0 in a symmetrypreserving manner. Entanglement is again useful in this context -to visualize the persistence of topology, we can trace the time evolution of the entanglement spectrum (ES) for a proper bipartition, which is a widely used as a topological indicator that is applicable to both noninteracting [64] [65] [66] [67] and interacting systems [68] [69] [70] [71] [72] [73] . The ES is expected to be accessible in near-future ultracold-atom and trapped-ion experiments [74] [75] [76] . The persistence of SPT order thus manifests itself in that the ES stays gapless or degenerate [59, 60] . This phenomenon should be distinguished from the ES crossings emerging in quantum quenches from trivial to topological Hamiltonians [54, 58, 62] , which correspond to higher dimensional topology and are also observed in Floquet topological systems [77, 78] . However, a vital point is missing in the above argument of topology conservation -defining SPT phases requires locality in the Hamiltonian [79] , while H(t) in Eq. (1) may become highly nonlocal after a long time. That is to say, the dynamically generated non-locality could obscure the SPT order in experimentally relevant length scales, which are often limited. It is thus practically, and of course theoretically important to understand at which length scale SPT order survives. Intuitively, we expect from the bulk-edge correspondence [80] that the SPT order should persist up to a time scale t * = l 2vLR , where l is interpreted as the length scale of the system [60] . According to the light-cone picture, this time scale roughly estimates how long it takes for a topological edge mode to completely diffuse into the bulk, after which the SPT order becomes invisible. This argument may stay applicable if the physical edge is replaced by an artificial entanglement cut, which can always be done even if there are no physical boundaries. In this case, reinterpreting l as a subsystem size, we expect that the ES should stay nearly gapless or degenerate with precision e −O(l) until t * . Such an expectation has been numerically verified in several free-fermion models [81] [82] [83] . It is thus natural to conjecture the existence of a Lieb-Robinson bound on the entanglement gap (to be exactly defined in a moment):
Here v = 2v LR , κ estimates the inverse correlation length and C is a prefactor that is at most polynomial in terms of l and t. See Fig. 1 for a schematic illustration for 1D systems.
In this paper, we rigorously prove Eq. (2) for general 1D SPT systems undergoing nonequilibrium unitary evolution. In fact, a similar rigorous result has been obtained for intrinsic topological order from the perspective of local indistinguishability between degenerate ground states [12] . However, unlike the derivation in Ref. [12] which is a rather straightforward application of the Lieb-Robinson bound on operator spreading [11] and is irrelevant to symmetries, the ES is not a conventional observable and symmetries play a crucial role in protecting 1D topological phases. Nevertheless, we find that the entanglement gap can be rigorously bounded by some correlation-related quantities, which obey the Lieb-Robinson bound. The central idea is based on the powerful Weyl's perturbation theorem [84] , which guarantees the spectral shift between two Hermitian operators to be rigorously bounded by the operator norm of their difference. In addition to the several well-known results such as the entanglement area law [85] [86] [87] [88] [89] , the bounds on entanglement growth [27, 90] and the entanglement detection of topological phases [64-73, 91, 92] , our work brings about yet another rigorous and fundamental result on the entanglement in quantum many-body systems [93] [94] [95] . As shown Fig. 2 , our work lays the corner stone for exploring exact results on the entanglement properties of SPT systems out of equilibrium. Also, we hope that the ideas and methods developed in this work could stimulate further exploration of rigorous results on various spectra, which appear ubiquitously in physics.
This paper is structured as follows. In Sec. II, we review the basic properties of the ES. In Sec. III, we define the entanglement gap and present the main results, i.e., the explicit forms of Lieb-Robinson bounds. In Sec. IV, we focus on the single-particle entanglement gap in quenched free-fermion systems and derive the first main result (Theorem 1). In particular, we derive an almost optimal Lieb-Robinson bound for free-fermion systems and justify the quasi-particle picture. In Sec. V, we focus on the many-body entanglement gap in the tensor-network setting and derive the second main result (Theorem 2). We discuss effects of disorder and long-time dynamics in Sec. VI. Finally, we summarize the main results of this paper and provide some outlook in Sec. VII. We relegate some technical details to appendices to avoid digressing from the main subject.
II. PRELIMINARIES AND MAIN RESULTS
We begin by clarifying the definitions of single-particle and many-body ES for free-fermion and general systems. We also briefly review why 1D SPT order renders the many-body ES to be degenerate. Finally, we provide the concrete setup and the main theorems, which will be proved in the following sections.
A. Definition of the ES
We consider a 1D lattice with the total number of unit cells denoted as L. Each unit cell contains d internal degrees of freedoms, including spins, orbitals, sublattices and so on. For spin systems, d simply gives the Hilbert-space dimension of a single unit cell. Given a local basis {|j } d j=1 , an arbitrary many-body wave function can be expressed as the superposition of the Fock states |j 1 j 2 ...j L ≡ |j 1 ⊗ |j 2 ⊗ ... ⊗ |j L with j s = 1, 2, ..., d for ∀s = 1, 2, ..., L. For fermionic systems, the local Hilbert-space dimension is 2 d since each mode can be either occupied or unoccupied. A complete fermionic Fock basis is given by {nja} (c † ja ) nja |vac with n ja = 0, 1 for ∀j = 1, 2, ..., L and a = 1, 2, ..., d, where |vac is the Fock vacuum and c † ja creates a fermion with internal state a in the jth unit cell and satisfies {c † j a , c ja } = δ j j δ a a and {c j a , c ja } = 0.
To study the bipartite entanglement properties, we divide the entire system into two complementary subsystems S and 
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(a) Entanglement bipartition in a 1D lattice under the periodic boundary condition. The reduced density operator ρS is obtained by tracing out the degrees of freedom inS. The total length and the length of subsystem S are denoted as L and l, respectively. (b) Typical single-particle ES of a topological particle-hole symmetric system. The single-particle entanglement gap ∆ sp E (14) is defined as the splitting between the two modes closest to one half. (c) Typical many-body ES of an SPT system. The many-body entanglement gap ∆ mb E (23) is defined as the splitting between the modes in the ground state manifold (i.e., degenerate in the thermodynamic limit) of the many-body entanglement Hamiltonian.
S (see Fig. 3 ), which consists of l and L − l adjacent unit cells, respectively. For convenience, we label the unit cells in S as 1, 2, ..., l. Given a many-body wave function |Ψ , we can always define the many-body ES as the eigenvalues of the reduced density operator
For simplicity, we require the ES to be positive since we can always truncate the Hilbert space of S into a subspace, within which ρ S is positive definite. In particular, for freefermion systems, ρ S is a Gaussian state [96] in the sense that there exists a quadratic entanglement Hamiltonian [97] such that
Diagonalizing the entanglement Hamiltonian as H S = ld n=1 n f † n f n , where f n 's are related to c ja 's via a unitary transformation, we can identify the single-particle ES as [98] ξ n = 1 e n + 1 , n = 1, 2, ..., ld,
in terms of which the many-body ES reads
where s n = ±1.
B. SPT-enforced ES degeneracy
For free-fermion systems, it is known that {1 − 2ξ n } n is exactly the energy spectrum subject to the open boundary condition after band flattening [65] . To see this, we consider a gapped quadratic Hamiltonian in the diagonalized form H = n E n ψ † n ψ n , which may not correspond to a translation-invariant system. Assuming the Fermi energy to be zero without loss of generality, we can define the singleparticle projector onto the Fermi sea as
where |ψ n ≡ ψ † n |vac is a single-particle eigenstate. With P S denoted as the projector onto the single-particle Hilbert space of S, the single-particle ES {ξ n } n coincides with the spectrum of P S P < P S [98] . The conclusion stated in the beginning of this subsection follows simply from the fact that the involutory (square to identity) flattened Hamiltonian is given by
where I sp is the identity operator in the single-particle sector. From this exact correspondence, we know that there should be ξ n = 1 2 modes in the single particle ES for a topological insulator with boundary zero modes. According to Eq. (6), the corresponding many-body ES is necessarily degenerate.
To analyze noncritical interacting systems in 1D, we employ the matrix-product-state (MPS) formalism [99] [100] [101] [102] . The validity of this formalism is rooted in the entanglement area law [26] . For simplicity, we focus on translation-invariant MPSs, which take the form
where j s = 1, 2, .., d and A j 's are D × D matrices with D being the bond dimension. Each MPS is associated with a linear map on C D×D :
Assuming the MPS to be normal [103] , which rules out the possibility of spontaneous symmetry breaking, we can always perform gauge transformations of A j 's, i.e., A j → XA j X −1 that leaves |Ψ in Eq. (9) invariant, such that E is a unital channel:
where 1 v is the identity in C D×D acting on the virtual Hilbert space. If we further impose an on-site unitary symmetry, i.e., ρ ⊗L g |Ψ = |Ψ for ∀g ∈ G with G being a group and ρ g ∈ U(d) being a unitary representation of G, we can find a pro- Setting of Theorem 1 -quench in a free-fermion system with particle-hole symmetry. Initially, only the particle bands ( k < 0) are occupied and the Bloch projector is denoted as P0<(k) (see Eq. (15)). The initial state is generally a highly excited state of the postquench Hamiltonian, whose hole bands ( k > 0) can be significantly occupied.
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In the thermodynamic limit of subsystem S with length l, i.e., lim l→∞ lim L→∞ , the many-body ES is exactly given by
If |Ψ is in an SPT phase, ω g,h must correspond to a nontrivial element in the second cohomology group H 2 (G, U(1)) [28] [29] [30] , leading to degeneracy in λ α 's [69] .
III. MAIN RESULTS
Having in mind the definitions of ES and their relation to SPT order, we are ready to introduce the exact statement of the main results -Lieb-Robinson bounds on entanglement gaps.
For free-fermion systems, we focus on class D, which has an involutory particle-hole symmetry and is characterized by a Z 2 topological number in 1D [105] . This is the only Altland-Zirnbauer class in 1D that does not suffer from dynamical symmetry breaking so that the SPT order persists in the thermodynamic limit [59] . Since the energy spectrum is paired as ( , − ), the ES should be paired as (ξ, 1 − ξ). Hence, we can define the single-particle entanglement gap as
In the presence of translation invariance, we can simply deal with the Bloch Hamiltonians and prove the following theorem.
Theorem 1 (Free fermions) Consider two 1D translationinvariant lattice systems in class D, whose Bloch Hamiltonians are given by H 0 (k) and H(k) and the former is gapped and topologically nontrivial. We start from the ground state of H 0 (k) and make the following two assumptions: (i) the initial Spec ...
...
... ... Here k0 is the smallest integer k such that the blocked tensor U k in Eq. (21) is simple.
Bloch projector
is analytic on {k : |Imk| ≤ κ, |Rek| ≤ π}, where κ > 0 and γ < is a loop that encircles all the particle bands; (ii) H(k + iκ) is well-defined and diagonalizable for ∀k ∈ [−π, π], i.e.,
where |u R k+iκ,α ( u L k+iκ,α |) is the right (left) Bloch eigenstate of the α-th band. Then the single-particle entanglement gap (14) of a length-l segment is upper bounded by
during the time evolution governed by H(k). Here
depends neither on l nor on t.
As illustrated in Fig. 4 , this theorem depends crucially on the band picture of translation-invariant free-fermion systems.
We can show that a positive κ satisfying (i) and (ii) exists under quite general assumptions (see Appendix A). For interacting SPT systems, we restrict ourselves to the tensor networks formalisms. That is, as illustrated in Fig. 5 (a), we start from an MPS and consider the stroboscopic dynamics governed by a matrix-product unitary (MPU) [106] [107] [108] [109] 
which is a special class of matrix-product operators [110] satisfying U † U = 1 ⊗L . We assume that the MPU respects the same symmetries of the initial MPS, i.e., [ρ ⊗L g , U ] = 0 for ∀g ∈ G, and that it belongs to the trivial cohomology class so that the time-evolved MPS stays in the same SPT phase [108] . It is known that by putting together k sites into one such that the building block U becomes U k :
the MPU can for sufficiently large k be represented as a bilayer unitary circuit with each unitary operator acting on two adjacent blocked sites [111] :
Whenever such a representation is possible, we call the building-block tensor simple [107] . In fact, given U and k such that U k is simple, U k is also simple for ∀k ≥ k. The smallest k that makes U k simple, which we denote as k 0 , has a clear physical interpretation as the Lieb-Robinson length -as shown in Fig. 5(b) , any on-site operator evolved by the MPU generated by U acts nontrivially on at most 2k 0 + 1 sites. Further details on MPUs can be found in Appendix E. Unlike free-fermion systems in class D, which are characterized by a Z 2 number so that there is at most one pair of stable topological entanglement modes near ξ = 1 2 (leading to 2 2 = 4-fold degeneracy in the many-body ES), the many-body ES of an SPT MPS can be r 2 -fold degenerate for ∀r = 2, 3, 4, ... in the thermodynamic limit. Here the square in r 2 arises simply from the fact that a subsystem has two edges. Minimal examples that realize these SPT MPSs are Z r ×Z r symmetries, whose second-order cohomology groups read H 2 (Z r × Z r , U(1)) = Z r . Given r and a many-body ES {ζ n } n with ζ n ≥ ζ n+1 (note that larger ζ corresponds to lower eigenvalue of the entanglement Hamiltonian), we define the many-body entanglement gap to be
Our main theorem is the following.
Theorem 2 (Interacting systems) Starting from an infinite SPT MPS with bond dimension D, the many-body entanglement gap (23) of a length-l subsystem after t steps of time evolution by a trivial symmetric MPU generated by U with bond dimension D U is bounded from above by
for any l − 2k 0 t ≥ 1+µ 1−µ . Here k 0 is the smallest integer blocking number that makes U k0 simple and µ is the spectrum radius of E − E ∞ , where E is defined in Eq. (10) for the initial MPS and E ∞ ≡ lim n→∞ E n , κ = − ln µ, v = 2k 0 − ln D U ln µ , and the coefficient
depends only on the initial MPS.
Let us explain why we focus on the stroboscopic dynamics generated by an MPU rather than a continuous dynamics generated by a local Hamiltonian. First, we expect this setting to be good enough because we can efficiently approximate a finite-time evolution generated by a local Hamiltonian as a bilayer unitary circuit [112] , which is equivalent to an MPU or a quantum cellular automaton [107] . The efficiency is ensured by the conventional Lieb-Robinson bound. By showing that the spectral shift is rigorously bounded by the approximation error, we expect a similar Lieb-Robinson bound on the many-body entanglement gap for continuous quench dynamics (see Appendix F). Second, this formalism is of intrinsic interest for its own sake -it gives exact descriptions for some Floquet systems [113] [114] [115] and quantum circuits [116] [117] [118] [119] [120] [121] [122] , which have intensively been studied in the context of nonequilibrium phases of matter and information scrambling. Moreover, this theorem exemplifies the power of tensor networks as analytical methods for predicting long-time dynamical behaviors of interacting quantum many-body systems far from equilibrium, which are hardly accessible in numerics.
IV. FREE FERMIONS
As mentioned above, for quench dynamics within the same Altland-Zirnbauer class [123] [124] [125] , the only nontrivial class in 1D that does not suffer from (partial) "dynamical symmetry breaking" is class D [59] . In fact, previous numerical studies on the Su-Schrieffer-Heeger (SSH) model [81] and the Kitaev chain [82] have revealed that the ξ = 1 2 modes split after a time scale t * ∼ l 2vmax , where l is the length of the subsystem and v max is the maximal group velocity of band dispersions. In Fig. 6 (b), we reproduce the splitting dynamics in the SSH model ( Fig. 6(a) ), which shows that not only the topological entanglement mode but also the full ES splits. In the following, we rigorously establish the underlying Lieb-Robinson bound on the ES splitting stated in Theorem 1.
A. Zero entanglement gap for symmetric bipartition
We first point out a crucial proposition -for half-chain entanglement cut, i.e., l = L 2 , the topological entanglement modes will be pinned exactly at 1 2 at any time (see Fig. 6(b) ). Note that we can always choose the anti-unitary and involutory particle-hole-symmetry operator C to be the complex conjugation K [126] . Under this basis, we have H = iR with R being a skew-symmetric real matrix. Suppose that H is flattened so that R 2 = −I sp . If Pf R = −1, where Pf denotes the Pfaffian, there will be a pair of topological entanglement modes exponentially close to ξ = 1 2 . With the translation invariance assumed, the system at least exhibits a half-chain translation symmetry, leading to
where R d and R o are both real and skew-symmetric and σ 0 =
Moreover, the half-chain ES is given by the spectrum of 1 2 (1 − iR d ). From R 2 = −I sp we obtain
where I half and 0 half are the half-chain identity and zero operators within the single-particle sector. Provided that R 2 o < 0, we can find an anti-unitary operator
such that
Due to the interplay between the Kramers degeneracy enforced by A and the nontrivial Z 2 topology, two quasi-zero modes of iR d must be pinned exactly at zero. Since the Z 2 index stays unchanged in quench dynamics, the topological entanglement mode should always be pinned at 1 2 , leading to a persistent zero single-particle entanglement gap.
Even if R o is not invertible so that A in Eq. (28) becomes ill-defined, we can still show that all the eigenvalues of iR d falling in the range (−1, 1) are degenerate. For an arbitrary normalized eigenvector φ with iR d φ = φ, ∈ (−1, 1), we can constructφ
such thatφ †φ = 1 and iR dφ = φ . Moreover, we have
which meansφ is orthogonal to φ.
It is worth mentioning that such an emergent symmetry in ES has systematically been studied in Ref. [67] . In addition to the above physical analysis, we also provide a rigorous proof in Appendix B.
B. General idea
To highlight the finite size of a periodic lattice, we will hereafter use P (L) < instead of P < in Eq. (7) as the singleparticle projector onto the Fermi sea, where L denotes the number of unit cells. As mentioned in Sec. II B, with the single-particle projector onto a subsystem S denoted as P S , the single-particle ES coincides with the spectrum of P S P (L) < P S [98] . We have shown in the previous subsection that for L = 2l with l being the length of S, whenever H flat in Eq. (8) is characterized by a nontrivial Z 2 number protected by the particle-hole symmetry, the spectrum of P S P (L) < P S contains two degenerate eigenstates with eigenvalue 1 2 and the entanglement gap exactly vanishes. To prove Theorem 1, it suffices to prove that the spectral shift from P S P (2l)
< P S is exponentially small up to a time scale proportional to l. To this end, a natural idea is to utilize the following Weyl's perturbation theorem. 
For self-containedness, we provide a brief proof in Appendix C. According to this theorem, denoting the nth largest eigenvalue of P S P (L)
According to Eq. (14), we have the following collorary: for a topological class D system, the single-particle entanglement gap is bounded from above as
It is thus sufficient to find a Lieb-Robinson bound on the righthand side (rhs) of Eq. (34) , which measures the finite-size correction to the correlation in a finite subsystem S. The maximal group velocity vmax = min{J1, J2} naturally appears in the limit of κ → 0. The red dashed lines correspond to the specific choice κ = 0.6 used in Fig. 6(c) . The monotonicity of vLR with respect to κ is not accidental but valid for general analytic Bloch Hamiltonians (see Appendix A 3).
Before going into rigorous proofs, let us first give an intuitive argument based on the Wannier-function picture [127] . Note that the projector onto the Fermi sea can be expressed as
where |W < , such a difference should again become exponentially small after being projected by P S , provided that both l and L − l are sufficiently large compared with the localization length of a Wannier function. When the system is driven out of equilibrium, we expect the Wannier function to spread no faster than linearly, leading to a light-cone behavior of P S P (L)
We will later make these arguments rigorous for translationinvariant systems. Note that the above arguments seem to be equally applicable to disordered systems with exponentially localized Wannier functions [131] .
C. Lieb-Robinson bound on correlations in free-fermion systems
An important ingredient in our proof is the conventional Lieb-Robinson bound on correlation functions. While the Lieb-Robinson bound for general interacting systems is certainly applicable to free-fermion systems, such a bound is usually very loose since it only involves a very limited amount of information about the system such as the hopping range and the maximal hopping amplitude. Here, we derive a greatly improved Lieb-Robinson bound on the correlation functions in translation-invariant free-fermion systems. Our result is almost optimal in the sense that the Lieb-Robinson velocity reaches the maximal (relative) group velocity of band dispersions in the semiclassical limit.
A nice property of free-fermion systems is that, according to Wick's theorem, all the correlation functions can be decomposed into two-point correlation functions. Moreover, if the wave function is a particle-number eigenstate, only the correlators like c † c are relevant. To compute such a correlator in quench dynamics, we can use the formula
where |ja = c † ja |vac and P < (t) ≡ e −iHt P 0< e iHt is the time-evolved single-particle projector onto the Fermi sea. To measure the strength of correlation at the length scale |j − j |, we can consider the norm of j|P < (t)|j , which can be shown to obey a Lieb-Robinson bound given by the following lemma.
Lemma 1 Consider a time-evolved projector P (L)
0< is the projector onto the Fermi sea of H 0 , which is gapped, and denote the Bloch Hamiltonians of H 0 and H as H 0 (k) and H(k), respectively. Then for ∀κ > 0 such that (i) P 0< (k) ≡ α∈O |u kα u kα | (see also Eq. (15)) is analytic over {k : |Re k| ≤ π, |Im k| ≤ κ}, where |u kα , α ∈ O is the normalized Bloch eigenstate of the αth occupied band, and (ii) H(k + iκ) is well-defined and diagonalizable for ∀k ∈ [−π, π], we have j|P (∞)
where |j is the state localized at the jth site, and C and v are given in Eqs. (18) and (19) .
Proof.
-After analytic continuation, the Hermiticity constraints on the Bloch Hamiltonians are generalized to H 0 (k) † = H 0 (k) and H(k) † = H(k) (see Appendix A 1). Accordingly, the Bloch projector P 0< (k) satisfies
where γ < is a loop that encircles the energies of all the occupied bands. Note that j|P (∞)
where P < (k, t) ≡ e −iH(k)t P 0< (k)e iH(k)t . This implies j|P (∞)
< (t)|j , and therefore we can assume j ≥ j without loss of generality. By deforming the contour of integration (see Fig. 7(a) ) and applying spectral decomposition to H(k + iκ), which is generally non-Hermitian, we can bound the norm of Eq. (39) from above by j|P (∞)
which completes the proof of Lemma 1. Let us discuss how our result is related to the conventional group velocity [132] v kα = d kα dk .
In the presence of the sublattice symmetry, as is the case of the SSH model, the eigenenergies are paired as ± k for ∀k ∈ [−π, π] (see purple curves in Fig. 8(b) ), and v in Eq. (19) becomes
The maximal group velocity
thus naturally emerges when κ → 0 (see Fig. 7(b) ) due to the relation k+iκ,α = kα + i d kα dk κ + O(κ 2 ). Since the bound in Eq. (37) can be made rather small by a sufficiently large l given a small κ, we expect that the Lieb-Robinson velocity v LR = 1 2 v [12] is essentially v max at large length scales. More precisely, if we scale up l and t simultaneously while keeping l t fixed, as long as l t < 2v max , we can always choose κ > 0 such that the bound in Eq. (37) scales like e −O(l) and thus vanishes in the thermodynamic limit. This is quite reasonable since the group velocity in Eq. (41) is derived in the semiclassical regime, where the length scale is much larger than the lattice constant [132] .
In general, however, the energy dispersions are not paired at each k. This can be the case even if there is a particle-hole symmetry, which only requires kα = − −kᾱ withᾱ being the particle-hole conjugation of α (see green curves in Fig. 8(b) for example). In the limit of κ → 0, v in Eq. (19) generally reaches the maximal relative group velocity v mr ≡ max k∈[−π,π],α,β
which is generally smaller than twice of the maximal group velocity (43) and thus gives a tighter bound on the propagation of correlation. For example, as shown in Fig. 8(a) , the dynamics of correlation in the SSH model does not change in the presence of an additional particle-hole symmetric term, which enhances the maximal group velocity (see Fig. 8(c) ) but leaves the relative group velocity invariant over the entire Brillouin zone. One may ask whether v in Eq. (19) can be made smaller than Eq. (44) for some κ > 0 so that the Lieb-Robinson velocity can be even tighter. However, by employing a continuous version of the majorization technique, we can prove that Eq. (19) increases monotonically with respect to κ (see Fig. 7 (b) for example and Appendix A 3 for the general proof). Therefore, our rigorous bound does not lead to any tighter bound than the maximal relative group velocity. This is physically reasonable since a completely destructive interference between the modes with maximal relative group velocities seems impossible due to the difference in wave numbers. Our result thus quantitatively justifies and refines the widely used quasiparticle picture on the propagation of correlation in quench dynamics [9] , which, to our knowledge, has analytically been confirmed only in specific situations [133] [134] [135] .
D. Proof of Theorem 1
We are now in a position to prove the first main result. To bound the single-particle entanglement gap (17) from the exponential decay in the correlation function, we need the following lemma.
< as the projector onto the Fermi sea of a length-L lattice system, we have
This result arises from the combination of Eq. (35) and the relation between Wannier functions on finite and infinite lattices (see Appendix D). Lemma 2 can be used to derive a bound on the finite-size correction to the correlation matrix, which determines the ES.
Lemma 3 Consider a length-l segment embedded in a gapped translation invariant 1D lattice system with length L (1 ≤ l < L ≤ ∞) under the periodic boundary condition. We denote the projector onto the Fermi sea as P (L) < . In the thermodynamic limit (L → ∞), we assume that (justified in Lemma 1)
where C and κ > 0 do not depend on j and j . Then, we have
where P S ≡ l j=1 |j j| ⊗ 1 I is the projector onto the segment.
Proof.-According to Eq. (45), the norm of j|P
where Eq. (46) has been used. Using Eq. (48) and the norm inequality [136] 
with O jj ≡ P j OP j , P j P j = δ jj P j and j P j = 1 for an arbitrary bounded partitioned operator O = j,j O jj , we obtain
where we have used sinh κl ≥ l sinh κ for l ≥ 1.
The remaining step to prove Theorem 1 is simply to combine Lemmas 3 and 1 with Eq. 34. By identifying C in Eq. (46) with Ce κvt in Eq. (37), we find that Eq. (34) leads to Theorem 1.
Finally, let us discuss how to generalize Theorem 1 to a finite lattice with length L > l. The existence of such a Lieb-Robinson bound is already clear from the triangle inequality
n |, the rhs of which can be further bounded by Lemma 3. However, this bound is too loose since the exact degeneracy is not reproduced when L = 2l. To obtain a tighter bound, we use the following generalization of Lemma 2:
where LCM denotes the least common multiple. Following the calculations in Lemma 3, we can use Eq. (51) to derive
which reproduces Eq. (17) for L = ∞ and ∆ sp E = 0 for L = 2l. Moreover, the bound is O(1) when L is close to l. This is reasonable because the many-body ES of a length-l segment should be the same as its complement with length L−l. If L−l is comparable to or even smaller than the localization length of the entanglement edge modes, both many-body and singleparticle entanglement gaps will be significantly nonzero.
V. INTERACTING SYSTEMS
Let us move on to interacting systems. We confine ourselves to spin systems since interacting fermions can always be mapped onto spin systems via the Jordan-Wigner transformation, which preserves the locality in the presence of the fermion-parity superselection rule [137] . Although the very notion of the band is no longer applicable, we can employ MPSs to efficiently describe the ground state of a gapped local Hamiltonian [138] . Despite the different formalism, we can again upper bound the entanglement gap by a quantity closely related to correlation, as detailed in the following.
A. ES of an MPS
We consider a translation-invariant normal MPS in the canonical form [139] , as given in Eq. (9) . For an arbitrary orthonormal basis {|α } D α=1 on the virtual level, we can decompose Eq. (9) into
where
In particular, if |α 's are chosen to be the eigenstates of Λ in Eq. (13) with eigenvalues λ α 's (
where E ∞ (·) ≡ lim L→∞ E L (·) = Tr[Λ · ]1 v . Therefore, the reduced density matrix of subsystem [1, l] ⊂ Z (i.e., the segment consisting of sites 1, 2, ..., l) can be written as
Unlike |Φ βα 's, |ψ αβ 's are not strictly orthogonal to each other:
Defining |φ α,β ≡ √ λ α |ψ α,β , we can simplify Eq. (56) into
with
To estimate the spectrum of ρ [1,l] , we need the following lemma. Spec ...
... ...
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Multiplying φ| from the left of Eq. (60), we obtain M 2 v j = λM v j , implying that M v j = 0 (otherwise ρ|ψ j = 0) is an eigenvector of M with eigenvalue λ. Suppose that M v j 's are not linearly independent, which means
for some k j 's with r j=1 |k j | 2 = 0. Operating Eq. (61) on |φ gives r j=1 k j ρ|ψ j = λ r j=1 k j |ψ j = 0, which contradicts the linear independence of {|ψ j } r j=1 . ⇐: By assumption, we have M v j = λv j for j = 1, 2, ..., r. Defining |ψ j = |φ v j , we again obtain Eq. (60), implying that |ψ j is an eigenstate of ρ with eigenvalue λ. Suppose that |ψ j 's are not linearly independent, which means According to Lemma 4, with the unimportant zero part neglected, the ES is nothing but the spectrum of M αβ,α β = φ αβ |φ α β , whose entries are given in Eq. (59).
B. Exact ES degeneracy in the thermodynamic limit
In the limit of l → ∞, αβ,α β in Eq. (57) vanishes. Hence, M αβ,α β = φ αβ |φ α β becomes diagonalized and the ES is simply given by {λ α λ β } D α,β=1 , which is the spectrum of Λ ⊗2 . In this case, SPT order enforces the ES to be exactly degenerate, as a result of symmetry fractionalization on the virtual level.
Lemma 5
The ES of any topologically nontrivial MPS protected by unitary symmetries is at least four-fold degenerate in the thermodynamic limit of a subsystem.
Proof.-Denoting the symmetry group as G and its projective representation on the virtual level as V g , we have [104] [V g , Λ] = 0, ∀g ∈ G,
where Λ is the unique left fixed point of the unital channel associated with the MPS. Suppose that there is a non-degenerate eigenvalue λ associated with eigenstate |λ . From Eq. (63) we have
Since
Hence, ω g,h belongs to the trivial cohomology class, contradicting the assumption that |Ψ is topological. Therefore, the ES in the thermodynamic limit of a subsystem, which is nothing but the spectrum of Λ ⊗2 , must be at least four-fold degenerate.
We mention that anti-unitary symmetries can also support nontrivial interacting SPT phases with exactly degenerate ES in the thermodynamic limit. A prototypical example is the involutary (T 2 = 1) time-reversal symmetry, which may be fractionalized into an anti-involutary (T 2 v = −1) anti-unitary symmetry on the virtual level, leading to the Kramers degeneracy in Λ [69] . However, since anti-unitary symmetries suffer dynamical symmetry breaking [59] , the corresponding SPT order cannot be dynamically stable.
C. Bound on the many-body entanglement gap
In general, M αβ,α β for a finite l can be decomposed into [Λ ⊗2 ] αβ,α β and a perturbative term:
It is clear from Eq. (66) that the exact eigenvalue degeneracy in Λ ⊗2 is generally lifted by P . However, according to Weyl's perturbation theorem, the many-body entanglement gap should be upper bounded by twice the norm of P :
To proceed further, we upper bound P by P 2 ≡ Tr[P † P ], which is the Schatten 2-norm and its square takes a rather simple form:
where 
where D arises from S 2 , and 1 2 upper bounds Λ ⊗2 S 2 = Tr[Λ 2 ] since the spectrum of Λ is at least two-fold degenerate. Combining Eq. (70) with Eq. (68), we obtain
Note that E l − E ∞ appears routinely in the correlation functions of MPSs and leads to an exponential decay [99] [100] [101] .
Quantitatively, E l −E ∞ can be upper bounded by c (µ+ ) l for ∀ > 0, where µ is the spectral radius of E − E ∞ and c does not depend on l [99] , implying that ∆ mb E is also exponentially small just like the correlation functions mentioned above. We emphasize that E l −E ∞ may scale like poly(l)µ l [140] , in which case a nonzero is necessary for giving a rigorous bound like c (µ + ) l .
D. Proof of Theorem 2
Let us analyze how the bound given in Eq. (71) changes when an MPS evolves according to a symmetric and trivial MPU. Denoting the bond dimension of the MPU as D U , that of the MPS after t steps of evolutions is no more than DD t U . Moreover, the spectrum of the associated unital channel stays invariant during the time evolution as a result of unitarity [108] (see also Lemma 10 in Appendix E), and so does µ. Having in mind that E l − E ∞ is bounded by c (µ + ) l , it is natural to expect a Lieb-Robinson bound from Eq. (71). However, this expectation can be defective -given , c may grow faster than exponentially in time. To rule out this possiblity, we utilize the function-algebra-based techniques developed in Ref. [141] to carefully estimate the growth of E l − E ∞ .
The main idea of Ref. [141] is the following lemma. 
where f W/m M W ≡ inf{ g W : g = f + m M h, h ∈ W } and m M ∈ W is the minimal polynomial of M, i.e., the nonzero polynomial with the lowest degree such that m M (M) = 0 and the leading coefficient (that of the highest degree) is equal to 1.
Proof.-Due to M n ≤ C M for ∀n ∈ N, for ∀f ∈ W , the norm of f (M) can be upper bounded by
Since m M is the minimal polynomial of M, for ∀h ∈ W , we have
Applying Eq. (73) to the rhs of Eq. (74) gives
13 Equation (72) then follows from minimizing the rhs of Eq. (75). An arbitrary unital channel E satisfies the condition in Lemma 6 due to the fact that E n is again a unital channel and E n ≤ D 2 , where D is the Hilbert-space dimension [142] . Accordingly, E − E ∞ also satisfies the condition.
Regarding the minimal polynomial of E − E ∞ during time evolution, we have the following lemma. 
namely, m (z) is a divisor of z 2k0 m(z), where k 0 is the smallest integer such that U k0 is simple.
Proof.-By assumption, for ∀k ≥ 2k 0 , the open boundary tensor U k U k can be decomposed into
We express m explicitly as k c k z k , which satisfies c 0 = 0 (due to that the spectrum of E − E ∞ contains zero) and
Then, using Eq. (77), we can evaluate z 2k0 m(z)| z=E as
where we have used Eq. (78) (enclosed in dashed rectangles) and Eq. (77). Lemma 7 follows immediately from Eq. (79), which is the tensor-network representation of
with E t determined from the MPS at time t. Using this fact, as long as l > 2k 0 t, we have
where we have used g W = z n g W for ∀n ∈ N. According to the main result of Ref. [141] , which is summarized as
where C t ≡ sup n∈N E n t and B(z) is the Blaschke product (G1) with respect to the spectrum of E ≡ E 0 . If we further require l − 2k 0 t ≥ 1+µ 1−µ , even in the worst case, E l t − E ∞ t is bounded by an exponentially small quantity up to polynomial 14 corrections (see Eq. (20) in Ref. [141] ):
Denoting the bond dimension of the initial MPS |Ψ 0 and that of |Ψ t = U t |Ψ 0 after t steps of time evolutions as D and D t , respectively, we have
and hence [142] 
Combing Eq. (71) and Eqs. (82)-(84) with |m| ≤ D 2 (D ≥ 2, otherwise |Ψ is a product state), we obtain Theorem 2.
Our theorem rigorously establishes the dynamical stability for general SPT systems in 1D. Yet another important implication of Theorem 2 is that the topological discrete timecrystalline oscillation, which is a toggle between different SPT phases [143] generated by an MPU with nontrivial cohomology [108] , persists up to a time scale which increases at least linearly with respect to the system size. To see this, we only have to apply the theorem to U p with trivial cohomology, where p is the order of the cohomology group.
VI. DISCUSSIONS
The derivation of the rigorous Lieb-Robinson bounds on entanglement gaps makes full use of the translation invariance and the results are meaningful only up to t * ∼ l v . It is natural to ask what happens when the translation invariance breaks down or/and in longer time scales. Here we give some heuristic arguments on these issues.
A. Effects of disorder
As schematically illustrated in the right top panel in Fig. 2 , disorder can dramatically alter the universal dynamical behavior of the entanglement growth. In this subsection, we qualitatively address the impact of disorder on the ES dynamics in 1D SPT systems.
Since the entanglement-gap opening is ultimately related to operator spreading and correlation propagation, we expect disorder in the postquench Hamiltonian H to stabilize the SPT order during quench dynamics, provided that the disorder does respect the symmetry. For free fermions in 1D, Anderson localization occurs at arbitrarily small disorder strength and introduces a new length scale ξ [144] , which is a typical localization length of the eigenfunctions of H and measures how far a wave packet can diffuse. As illustrated in Fig. 10(a) , for l ξ, we expect that ∆ sp E is saturated at e −O(l) and the On the other hand, if l is much larger than ξ, the ES splitting will become invisible. (b) Power-law relaxation of the single-particle ES for t t * , where t * is the time scale set by the Lieb-Robinson bound. This phenomenon is discovered in Refs. [81] [82] [83] , where it is also conjectured that the ξ = 1 2 modes will revive in the limit of t → ∞ ifH∞ given in Eq. (85) is topologically nontrivial.
SPT order survives even in the limit of t → ∞ (see numerical signatures in Appendix I 1). On the other hand, for very weak disorder l may be comparable or even smaller than ξ, and we can still observe the opening of the entanglement gap. This occurs even for a half-chain bipartition, unless the disorder configuration happens to respect the half-chain translation symmetry.
In the presence of interactions, we may expect qualitatively different behavior because the entanglement-entropy growth is unbounded in the many-body localized phase [145] , although it is logarithmical and hence extremely slow [146] [147] [148] [149] [150] . In this case, we conjecture that, after a possible transient similar to the noninteracting case, ∆ mb E grows no faster than a power law, which is similar to the behavior of out-oftime-order correlators [151] [152] [153] . This is supported by the numerics on a phenomenological model (see Appendix I 2).
B. Longer time scales
While our rigorous results ensure the persistence of (approximate) ES degeneracy until a time scale that is linearly long with respect to the subsystem size, these results are not useful for describing the dynamical behavior at longer time scales. In fact, previous numerical studies on some two-band free-fermion models have revealed the possibility for a singleparticle topological entanglement mode to return to ξ = 1 2 in the long-time limit [81] [82] [83] . In these studies, a conjecture is made to the effect that such a behavior is determined by the topology of the time-averaged Hamiltonian
at least for two-band systems in class D and class BDI. It would be interesting to examine whether this is indeed true and, if yes, to what extend (e.g., multiple bands and other symmetry classes). Moreover, it is found in Ref. [83] that the longtime relaxation dynamics obey some universal power law, i.e., ∆ sp E (t) − ∆ sp E (∞) ∼ t −γ (γ > 0) for sufficiently large t (see Fig. 10(b) ). This behavior can quantitatively be understood from steepest descent calculations, which require the lattice system to be infinite. Remarkably, the power-law relaxation of local observables has been rigorously proved for general finite single-band systems in arbitrary dimensions starting from any state with local correlations (not necessarily Gaussian) and within the revival time [154] [155] [156] . These rigorous results raise another interesting question concerning whether the signature of free-fermion topology could emerge in quench dynamics starting from an interacting quantum many-body state. As for the long-time behavior of interacting systems, we generally do not have an extensive number of conserved quantities and the steady state should resemble an excited state of the posquench Hamiltonian H with energy Ψ 0 |H|Ψ 0 , provided that the eigenstate thermalization hypothesis holds true [145, 157, 158] . Even if the ground state of H is in an SPT phase, the topological features generally disappear in the excited states. Hence, the retrieval of ES degeneracy in the steady state seems unlikely. The scenario should be very simple if H is many-body localized -the topological information in the initial state, i.e., the degeneracy in the many-body ES, is expected to persist in the long-time limit without a transient loss or revival.
VII. SUMMARY AND OUTLOOK
The Lieb-Schultz-Mattis-Oshikawa-Hastings theorem [159] [160] [161] , the Lieb-Robinson bound [11] and the entanglement area law [26] are of critical importance in quantum many-body systems. These rigorous results are of great current interest in light of theoretical insights from topological material science [162] [163] [164] and quantum information [12, [31] [32] [33] , and/or of rapidly growing experimental relevance [13] [14] [15] [34] [35] [36] . In addition to these fundamental achievements, we have rigorously established a general principle for the dynamics of entanglement gaps in SPT systems driven out of equilibrium by a local Hamiltonian or MPU. For free fermions, we have extensively used both the band and the Wannier-function pictures to derive a Lieb-Robinson bound on the single-particle entanglement gap (Theorem 1). As a byproduct, we have clarified the relation between the Lieb-Robinson velocity and the group velocity of band dispersions. For interacting SPT systems, we have employed the tensor-network approaches and the techniques of function algebra to derive the Lieb-Robinson bound on the many-body entanglement gap (Theorem 2). This result suggests that the shortcoming of tensor-network approaches as numerical tools does not hinder its powerfulness as analytical tools for dealing with long-time quantum dynamics. Possible effects of disorder and relaxation behaviors at longer time scales have also been discussed.
As future studies, it would be of fundamental importance to go beyond the tensor-network formalism and prove a Lieb-Robinson bound on the many-body entanglement gap for continuous quench dynamics starting from exact ground states of local Hamiltonians. As discussed in Appendix F, while improving MPUs to continuously generated unitaries alone seems plausible, it is far from clear how we can improve MPSs to exact ground states. It is also natural to consider the generalization to higher dimensions [73] , where we may have to use other indicators to measure the sharpness of SPT order. Moreover, some techniques used here may break down. For example, we cannot construct an exponentially localized Wannier function for a two-dimensional Chern insulator [130] . Finally, we note that considerable efforts have recently been made on generalizing the notions of Lieb-Robinson bounds and topological phases to lattice systems with long-range hoppings and interactions [165] [166] [167] [168] . It would also be interesting to relax the locality assumption and consider long-range systems, which can naturally be implemented with trapped ions [6, 7, 14, 15] , Rydberg atoms [5] , polar molecules [169] and nitrogen-vacancy centers [4] .
where each Fourier component can be obtained as
A sufficient condition for the rhs of Eq. (A1) to converge is
which is valid even if H(k) is non-Hermitian and is obviously satisfied by any model with a finite hopping range R, i.e.,
For such a class of models, the analytic continuation to the complex wave number
is well-defined for ∀κ ∈ R and satisfies
The analytic continuation can be applied to a wider class of Bloch Hamiltonians whose Fourier components satisfy
where C 0 , κ 0 ∈ R + do not depend on n. One can easily check the validity of Eq. (A3). In this case, for ∀κ ∈ (−κ 0 , κ 0 ), we have
so that H(k + iκ) in Eq. (A5) converges. Now let us show that if H(k) is gapped and satisfies Eq. (A6), then the flattened Hamiltonian or the Bloch projector (15) also satisfies Eq. (A6) but with C 0 and κ 0 modified. To see this, we note that the nth Fourier component of the Bloch projector can be written as
by deforming the integral contour. With length of γ < denoted as l γ< ≡ γ< |dz|, such an integral (A8) can be bounded from above by
provided that det[z − H(k − iκ)] = 0 for ∀z ∈ γ < , which can always be satisfied by sufficiently small κ due to a finite gap. This result ensures the existence of κ > 0 such that P < (k) can be analytically continued to {k : |Re k| ≤ π, |Im k| ≤ κ}, implying that condition (i) in Theorem 1 can always be satisfied.
On the other hand, the analytic continuation cannot be applied to long-range hopping, i.e., H n ∼ O(n −γ ) with γ ≥ 0 -while H(k) stays well-defined for γ > 1, Eq. (A5) diverges whenever κ = 0. Therefore, Theorem 1 cannot be applied to long-range systems.
Diagonalizability
We argue that condition (ii) in Theorem 1 is also satisfied in general -that is, there always exists a nonzero κ 0 such that H(k + iκ) is diagonalizable for ∀|κ| < κ 0 . To show this, it is sufficient to show that H(k +iκ) becomes non-diagonalizable only at a discrete set of complex wave numbers. This is expected to be true if H(k + iκ) does not respect any symmetries, since the easiest mechanism for being nondiagonalizable is the emergence of a second-order exceptional point [170] , which requires the fine-tuning of two parameters. Here, these two parameters are k and κ. However, if H(k + iκ) respects an anti-unitary symmetry or anti-symmetry S for given k and κ, i.e.,
we only need to fine tune a single parameter to create an exceptional point. This type of Hamiltonians have been actively studied in the context of non-Hermitian topological systems [171] [172] [173] [174] , where S is typically the parity-time symmetry and H(k + iκ) may not be analytic and thus κ is no more than a control parameter. In the following, we will show that H(k + iκ), which is an analytic continuation of H(k) with an anti-unitary symmetry S, satisfies
instead of Eq. (A10), so we still need to fine-tune both k and κ to make H(k + iκ) non-diagonalizable. By imposing Eq. (A10) for κ = 0, we can use Eq. (A2) to obtain
Therefore, the action of S on H(k + iκ) gives
Similarly, we can show that SH(k)S −1 = ±H(−k), which is the case of the particle-hole symmetry, implies SH(k + iκ)S −1 = ±H(−k + iκ) after analytic continuation and thus H(k + iκ) is expected to stay diagonalizable for sufficiently small κ. Finally, we note that even if H(k + iκ) happens to be nondiagonalizable, Eq. (17) should still be valid with C replaced by a polynomial of t. This is because H(k+iκ) can always be transformed into the Jordan normal form and a nontrivial Jordan block with size s ≥ 2 contributes a polynomial prefactor with degree s − 1 in e −iH(k+iκ)t .
Monotonicity of Eq. (19)
We prove that Eq. (19) is monotonic in terms of κ and thus reaches its minimum at κ = 0. To simplify the notation, we first introduce
For further simplicity, we omit the subscript "αβ" and define v(k, κ) ≡ Re∆ (k + iκ).
We then have v(k, κ) = v(k, −κ) and
To show the monotonicity of max k∈[−π,π] |V (k, κ)|, it is sufficient to show that V (k, κ) as a function of k is majorized by V (k, κ ) for ∀κ > κ. By the statement that an integrable real function f 1 : I ≡ [a, b] → R majorizes f 2 : I → R, we mean that there exists a kernel K(x; x ) :
and
Such a definition is a straightforward generalization of the majorization for real vectors, which can also be regarded as functions with I being a discrete set. That is, a real vector a is majorized by b if there exists a doubly stochastic matrix M ds , whose entries are all non-negative and the sum of each row/column equals to one, such that a = M ds b. Note that K(x; x ) is a continuous version of M ds . If f 1 majorizes f 2 , for ∀x ∈ I, we have
for ∀x ∈ I and Eq. (A17). Since Eq. (A19) is true for ∀x ∈ I, we have max x∈I f 2 (x) ≤ max x∈I f 1 (x). Similarly, we have min x∈I f 2 (x) ≤ min x∈I f 1 (x) and thus max x∈I |f 1 (x)| ≥ max x∈I |f 2 (x)|. Now let us consider the kernel that transforms V (k,
Since v(k, κ) is a harmonic function which is periodic in k and even in κ, it can generally be expanded as v(k, κ) = ∞ n=1 [a n cos(nk) + b n sin(nk)] cosh(nκ), (A20) where a n , b n ∈ R. Accordingly, we can obtain a general form of V (k, κ) in Eq. (A16): is nothing but the curve in (a) corresponding to N = 9. Note that the partial sum of the Fourier series may be not positive for certain k − k (see arrows in (a)), but K(k, κ2; k , κ1) is clearly positive from Eq. (A25). (c) Contour integral and the poles of Y (k; κ2, κ1). In the limit of R → ∞, as in the case in Eq. (A28), we should sum up all the residues with respect to the poles on the lower-half imaginary axis.
where we have redefined the coefficients as A n = an n and B n = bn n . This general form (A21) implies the following kernel that transforms V (k, κ 1 ) into V (k, κ 2 ):
(A22) where the constant term is determined by Eq. (A17). To see why the kernel takes this form, we only have to note that cos[n(k − k )] = cos(nk) cos(nk ) + sin(nk) sin(nk ) and π −π dk π cos(nk )V (k , κ) ( π −π dk π cos(nk )V (k , κ)) gives the Fourier coefficient before cos(nk) (sin(nk)), which should be modified in an n-dependent manner following the change of κ. We can rewrite Eq. (A22) into a more compact form
We can use Eq. (A23) to check that K(k, κ; k , κ) = 
In general, whenever κ 1 > κ 2 , the Fourier coefficients in Eq. (A23) decays like e −(κ1−κ2)|n| for large |n|, implying the convergence. The remaining problem is to confirm whether Eq. (A23) is non-negative for ∀κ 1 > κ 2 = 0. This is not clear at first glance since the partial sum of Eq. (A23) generally contains negative parts (see Fig. 11(a) ), especially when κ 2 is close to κ 1 . Nevertheless, the positivity becomes clear in a different expansion:
is positive over R. In perticular, when κ 2 = 0, Eq. (A26) becomes
To prove Eq. (A25), we only have to calculate the nth Fourier coefficient of the rhs:
where we have used the residue theorem in deriving the fourth equality (see Fig. 11(c) ). The final result in Eq. (A28) indeed coincides with that in Eq. (A23). In fact, a simple picture is available from a discrete version of the problem. We consider a 2D array f : Z×Z → R, which satisfies that for ∀j, j ∈ Z, f j,j = −f j,−j (so that f j,0 = 0), f j+L,j = f j,j (L ∈ Z + ) and the discrete Laplace equation
By imposing the boundary condition
The discrete counterpart of the monotonicity of κ −1 max k∈[−π,π] f (k, κ) reads for ∀j ≥ 1. In fact, we can prove a stronger result
which implies Eq. (A32). Denoting m j as the horizontal label where f m j ,j reaches the maximum for a given j , we have
which completes the proof. We provide a schematic illustration and a numerical verification in Fig. 12 . Similarly, we can prove the monotonicity of 1 j min j∈Z L f j,j and thus the monotonicity of 1 j max j∈Z L |f j,j |. The above idea can also be implemented directly in a continuous manner, provided that k * , which makes f (k * , κ) maximal or minimal for a given κ, forms a smooth curve of κ. Let us focus on the case of maximum since the minimum counterpart is quite similar. By definition, along this curve we have
so the second-order differential along this curve satisfies
Introducing F (κ) ≡ f (k * (κ), κ), we find from Eqs. (A35) and (A36) that
This result is sufficient to lead to
To see this, we consider the equivalent inequality
According to the mean-value theorem, there exists ξ 1 ∈
and F (ξ 2 ) = F (κ2)−F (0) κ2 , so the above inequality becomes F (ξ 2 ) ≥ F (ξ 1 ), which is ensured by Eq. (A37).
Example: SSH model
We consider a general quench in the SSH model:
where σ x and σ y are Pauli matrices. To evaluate v LR , we only have to numerically maximize
Note that κ can be chosen freely, as long as |κ| < | ln J1 J2 | (otherwise P < (k + iκ) may become nonanalytic). We plot v LR = κ −1 max k∈[−π,π] |Im k+iκ,± | in Fig. 7(b) for the quench protocol used in the main text: J 1 = J 2 = 0.5 and J 2 = J 1 = 1. The κ dependence of v LR turns out to be rather weak, at least for κ ∈ [0, ln 2).
To evaluate C, we first write down the initial Bloch projec-
we can express the norm of Eq. (A42) with respect to a complex wave number as
(A44) Moreover, the left and right eigenvectors are found to be
where a labels the sublattice degrees of freedom, leading to |u R k+iκ,±
Substituting Eqs. (A44) and (A46) into Eq. (18) yields
In Fig. 6(c) , we choose κ = 0.6, leading to C 12.225.
Appendix B: Exact zero modes
In Sec. IV A, we have argued that the emergent Kramers degeneracy and the nontrivial Z 2 topology necessarily support zero modes in R d in Eq. (26) . Here, we prove this statement by showing that the invertibility of R d implies a trivial Z 2 topological index. Proof.-If det R d = 0, we can apply the formula
This formula can be derived from the identity
which is valid for arbitrary A T = −A and B, and
Combining Eq. (B4) with Eq. (B1), we have
where In this appendix, we follow Ref. [84] to prove Weyl's perturbation theorem. To this end, we first introduce the min-max principle.
Lemma 8 (Min-max principle) For any Hermitian operator
O on an n-dimensional Hilbert space, its jth largest eigenvalue λ j (j = 1, 2, ..., n) is given by
where V and W are Hilbert subspaces and |ψ is a normalized state vector.
Proof.-We denote the eigenstate with eigenvalue λ j as |ψ j (j = 1, 2, ..., n) and define the following two special classes of Hilbert spaces with dimensions j and n+1−j, respectively:
With V chosen to be V j , the rhs of the first line in Eq. (C1) gives λ j , implying
Similarly, with a choice of W = W j , the second line in Eq. (C1) gives λ j , implying
On the other hand, for an arbitrary Hilbert subspace V with dimension j, we must have dim(V W j ) ≥ 1. Otherwise, if V W j = ∅, the full Hilbert space containing V W j will be at least n + 1 dimensional, contradicting the assumption. This implies that for ∀V with dim V = j, we have
leading to 
(C8)
After maximizing the rhs of Eq. (C8) with respect to V and using the first line in Eq. (C1), we obtain
Following a similar procedure, we can derive
which gives rise to (due to the second line in Eq. (C1)) 
where P Z L ≡ j∈Z L d a=1 |ja ja| is the projector onto the finite lattice, with d and |j, a being the number of internal states per site and the state localized at the jth site in an internal state a.
Proof.-Let us first write down the Wannier function defined on an infinite lattice:
where |u kα = d a=1 u αa (k)|k = 0, a is the Bloch wave function with |k = 0, a ≡ j∈Z |ja , and x ≡ j∈Z j|j j| ⊗ 1 I is the position operator with 1 I being the identity acting on the internal-state Hilbert space. When the lattice is finite, say with length L, the Wannier function is defined in the form of a discrete Fourier transformation:
where |u kα follows the previous definition for an infinite lattice except for |k = 0, a ≡ j∈Z L |ja and e ikx L ≡ j∈Z L e ikj |j j| ⊗ 1 I . For ∀j ∈ Z L and a = 1, 2, .., d, the coefficient of |j a on the rhs in Eq. (D1) is given by n∈Z j a|W
Using the identity
we can further simplify the rhs of Eq. (D4) as
which completes the proof of Lemma 9.
A schematic illustration of Lemma 9 is shown in Fig. 13 . Just like |W 
22
where we again use j |W (∞) jα = j +p|W (∞) j+p,α for ∀p ∈ Z.
Appendix E: Basic properties of matrix-product unitaries
We briefly review Ref. [107] and introduce the several basic properties of MPUs, which are crucial for proving the main result. By definition, for ∀L ∈ Z + , U in Eq. (20) in the main text obeys
implying that the spectrum of the quantum channel E U (·) = d −1 d j,j =1 U jj · U † jj consists of a single 1 and all other zeros. This property enforces d − 1 2 U jj to be a normal tensor [103] , in the sense that E U has a unique fixed point, which is Hermitian and positivie-definite. By choosing the gauge properly, i.e., performing a similarity transformation U jj → X −1 U jj X on the virtual level, U jj can always be made to satisfy
where ρ † = ρ, ρ > 0 and Tr ρ = 1. It can be proved [107] that for ∀k ∈ Z + U k
where U k is related to U by putting together k sites into one, as given in Eq. (21) . An MPU is locality-preserving, in the sense that a local operator acting nontrivially on a finite segment stays local after being evolved by an MPU. This property can be understood from the following theorem [107] . Theorem 5 It is always possible to make an MPU generated by U simple by putting together k ≤ D 4 U (D U : bond dimension of the MPU) sites into one (see Eq. (21)). By simple, we mean that the building block U satisfies 
where ρ is given in Eq. (E2).
Denoting k 0 as the smallest integer such that U k0 is simple, the above theorem (5) implies that a local operator spreads by no more than 2k 0 sites upon being evolved by the MPU. To see this, consider a general local operator O L acting nontrivially on a segment with length l 0 . Applying Eqs. (E3) and (E4) to
where local identities are omitted. Note that Fig. 2(c) in the main text is the special case of l 0 = 1, which is nevertheless sufficient for obtaining Eq. (E5) since a local operator can generally be expressed as O L = {js} l 0 s=1 c j1j2...j l 0 O j1 ⊗ O j2 ⊗ ... ⊗ O j l 0 with O js being an on-site operator [108] .
Besides the locality-preserving property, an MPU is by definition unitary, implying the following lemma.
Lemma 10
Given an MPS |Ψ generated by {A j } d j=1 and an MPU U generated by {U jj } d j,j =1 , with the associated unital channel of the evolved MPS |Ψ = U |Ψ denoted as E (·) ≡ d j=1 A j ·A † j , the spectrum of E is the same as that of E(·) ≡ d j=1 A j · A † j , the unital channel associated with |Ψ .
Proof.-The main idea is already mentioned in Ref.
[108] -we only have to combine Lemma 9 in Ref. [175] with Tr[( j A j ⊗Ā j ) L ] = Tr[( j A j ⊗Ā j ) L ], ∀L ∈ Z + , which results from the unitary nature of the time evolution:
... 
A direct corollary of Lemma 10 is that the spectrum of E, i.e., the transfer matrix of an MPS, stays invariant during the stroboscopic time evolution governed by an MPU. In particular, µ as the spectral radius of E − E ∞ is conserved.
Appendix F: Interacting systems undergoing continuous evolution
We argue that the Lieb-Robinson bound on the many-body entanglement gap for MPUs implies qualitatively the same result for continuous time evolutions generated by local Hamiltonians. To this end, we first prove that the difference in timeevolution operators, which can be highly nonlocal, rigorously bounds the difference in any reduced density operator after time evolution.
Lemma 11
Given an arbitrary wave function |Ψ 0 defined on a bipartite system S S and two unitaries U and U satisfying U − U ≤ , denoting ρ S ≡ TrS |Ψ Ψ| and ρ S ≡ TrS |Ψ Ψ | as the density operators of the evolved wave functions |Ψ ≡ U |Ψ 0 and |Ψ ≡ U |Ψ 0 , we have ρ S − ρ S ≤ .
Proof.-We first point out a useful norm inequality for the commutator of a positive-semidefinite Hermitian operator A (A † = A and A ≥ 0) and an arbitrary operator B [176] :
Note that there is an improvement of factor 1 2 compared to [A, B] ≤ 2 A B , which holds for arbitrary A and B.
Let us move on to prove Lemma 11. Noting that ρ S − ρ S is Hermitian, according to the definition of the operator norm, we have
where P ψ ≡ |ψ ψ| is a rank-one projector, i.e., P 2 ψ = P ψ and Tr P ψ = 1. Since P ψ ⊗ 1S ≥ 0 and P ψ ⊗ 1S = 1, we find from Eq. (F1) that for ∀P ψ
Combining Eq. (F3) with Eq. (F2), we obtain
Now let us discuss how to combine Lemma 11 with Theorem 2 and the main result of Ref. [112] to bound the manybody entanglement gap in a continuous quench dynamics starting from an SPT MPS. According to Ref. [112] , given a local Hamiltonian H = j h j , we can approximate it as a bilayer unitary circuit or quantum cellular automaton U c such that
where L is the total system size, |Ω| is the number of sites that a single unitary acts on, and κ c and v c are constants independent of L. While the bound diverges in the thermodynamic limit, we can make a cut off of the circuit approximation at the length scale of the subsystem without changing the reduced density operator. For such a truncated circuit U c , we have
where the rhs is finite in the thermodynamic limit. See Figs. (14) (a), (b) and (c) for the relations and distinctions in e −iHt , U c and U c . On the other hand, to apply Theorem 2, we should still regard the approximated reduced density operator as resulting from the time evolution by U c . After putting |Ω| sites into one, we can regard U c as an MPU generated by the block given in Fig. 14(d) , which is simple (see Fig. 14(e) ). Under such a rescaling, the parameters in Theorem 2 reads k 0 = t = 1, D U = d |Ω| and
while D stays invariant. Therefore, the many-body entanglement gap of the approximated density operator ρ [1,l] is ...
... ... ...
... ... bounded by
where κ = − ln µ and κ = ln d + (D 2 + 1)κ,
provided that
As for the many-body entanglement gap of the exact density operator ρ [1,l] , we have
where we have used Lemma 11 in deriving the last inequality. Combining Eqs. (F6) and (F8) with Eq. (F11) and taking (we use since |Ω| should be an even integer dividing l)
we obtain
which indeed takes the form of Lieb-Robinson bound. We note that, at large length scales such that coth( κ 2 |Ω|) = 1 + o(1), Eq. (F10) can be satisfied by
where the rhs is positive due to κ > 5κ, which arises from Eq. (F9) and D ≥ 2 for an arbitrary SPT MPS. On the other hand, it seems that we cannot derive a Lieb-Robinson bound by simply combining Theorem 2 with the errors in approximating ground states as MPSs [138] . Even if we only require the MPS approximation to be locally good [177, 178] , the needed bond dimension scales like a polynomial of the inverse of error, implying an exponentially large bond dimension and a doubly exponentially large (due to the prefactor) bound predicted by Theorem 2 for an exponentially small error. We leave this problem for future work, which probably requires new ideas to directly estimate the entanglement gap in the exact ground state.
Using the techniques in Sec. V D for bounding E l − E ∞ associated with a time evolved MPS, we obtain the following theorem.
Theorem 7 (Finite interacting systems) Starting from an SPT MPS with length L and bond dimension D subject to the periodic boundary condition, the many-body entanglement gap of a length-l subsystem after t time-evolution steps by a trivial symmetric MPU with bond dimension D U is bounded from above by ∆ mb E ≤ (Tr E L ) −1 [min{b 1/2 (l, t) + b 3/4 (L − l, t), b 1/2 (L − l, t) + b 3/4 (l, t)} + 4b 1 (l, t)b 1 (L − l, t)]
(H11)
with k 0 , µ and ξ being the same as those in Theorem 2, v α = 2k 0 − (α + 1 2 ) ln D U ln µ , and the coefficient
(H13) depends only on the initial state.
Two remarks are in order here. First, we note that in the thermodynamic limit of the entire system, we have Tr E L = 1 and b α (∞, t) = 0 so that Theorem 2 is reproduced. Even if L is finite, we still find that ∆ mb E is exponentially small up to
provided that min{l, L−l} > v 1/2 (1+µ)
(v 1/2 −2k0)(1−µ) . Second, in the special case of the zero correlation length, i.e., µ = 0, which corresponds to fixed points of entanglement renormalization [180] , we can infer from Theorem 7 that the degeneracy is exact up to t ∼ l 2k0 . This is rather intuitive since the entanglement edge modes are absolutely localized (without an exponential tail) for fixed-point states and it takes a finite time for a nonzero overlap to develop between the edge modes by a locality-preserving MPU. We choose L = 2l+1 so that the entanglement bipartition is asymmetric and the initial entanglement gap is finite. The numbers of disorder realizations for l = 10, 20, 30, 40 and 50 are 10 4 , 5 × 10 3 , 2 × 10 3 , 10 3 and 5 × 10 2 , respectively. The parameters are quenched as (J,J , f ) = (0.5, 1, 0) → (1, 0.5, 0.6). We do not show the early-time data of ∆ sp E for l = 50 since they are not reliable due to a finite numerical resolution. quench the parameters to (J,J , f ) = (1, 0.5, 0.6). The length of the subsystem is chosen to be l = 1 2 (L − 1) so that the entanglement gap in the initial state becomes nonzero due to the asymmetric entanglement bipartition.
As shown in Fig. 15(a) , we find that the entanglement entropy grows logarithmically -a feature usually associated with many-body localized systems. Since there is no interaction in our model, one may naïvely expect that the entanglement grows extremely slowly like ln ln t [181] , as might be inferred from a dynamical version of the strong-disorder renormalization group [148] . However, there is a crucial difference in our setup -the intial state |Ψ 0 is not a product state (in real space) and has a nonzero correlation length. We denote U 0 as a local unitary such that U 0 |Ψ 0 becomes a product state; then the quench dynamics in this new frame is governed by U 0 HU † 0 (H is given by Eq. (I1) with the postquench parameters), which now involves small but finite long-range hoppings. We expect this effect to dramatically change the common paradigm of entanglement growth in Anderson insulators. On the other hand, the entanglement entropy eventually becomes saturated at a constant independent of (sufficiently large) l, as a manifestation of a finite localization length.
In stark contrast to the slow growth of entanglement entropy, the numerical results (see Fig. 15(b) ) suggests an expo- nentially fast growth of the single-particle entanglement gap before saturation, which is similar to the clean case. Nevertheless, due again to the finiteness of localization length, the saturation value decreases exponentially with respect to l, implying that the topological entanglement edge modes are stable even in the long-time limit.
Phenomenological model for many-body localization
The minimal group that supports an interacting SPT phase protected by unitary symmetries is G = Z 2 × Z 2 = {(m, n) : m, n ∈ Z 2 }, whose second cohomology group reads H 2 (Z 2 × Z 2 , U(1)) = Z 2 . By specifying the on-site symmetry as the regular representation ρ (m,n) = Z m ⊗ Z n with Z = |0 0| − |1 1| acting on a local qubit, we can construct a nontrivial MPS as |Ψ 0 = {j s =00,01,10,11}
where a local state |j consists of two qubits and the injective tensor A j is given by A 00 = (1 − p)(1 − q)σ 0 , A 01 = q(1 − p)σ x , A 10 = i p(1 − q)σ y ,
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with p, q ∈ (0, 1). We can check that the projective representation on the virtual level is nontrivial:
To slightly lift the exact four-fold degeneracy in the ES of a finite segment, we choose p = q = 0.49 in Eq. (I4).
To simulate the effect of many-body localization, we recall that a fully many-body localized Hamiltonian can generally be written as
where τ z j = U loc Z j U † loc is the spin operator of the logic qubit which is related to the physical one by a local unitary transformation [145] . Inspired by this phenomenology, we expect that an Ising Hamiltonian with random and exponentially de-cay long-range interations, H = j<j J jj Z j Z j , J jj ∈ [−J 0 e −κ(j −j) , J 0 e −κ(j −j) ], (I7) where J jj 's are sampled uniformly and independently, would be sufficient to capture the essential physics of the dynamical interplay between many-body localization and SPT order. Note that this Ising Hamiltonian (I7) respects the Z 2 × Z 2 symmetry.
As shown in Fig. 16(a) , we find that the half-chain entanglement entropy of |Ψ t = e −iH t |Ψ 0 essentially follows a logarithmic growth. The separation between two successive local peaks is very close to e κ (as a multiple, since we take the logarithmic scale), consistent with the argument that the logarithmic growth of entanglement entropy results basically from the decoherence of remote spins [149] . In stark contrast with the previous noninteracting case, the entanglement entropy eventually becomes saturated at an extensive quantity (i.e., proportional to L). Regarding the growth of the manybody entanglement gap, the numerical results (see Fig. 16 (b)) seem to suggest a power law. This result is to some extent expected as long as we accept that the entanglement gap in an SPT state is bounded essentially by the correlation at the subsystem length scale, which we have proved for clean systems.
